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Abstract 

We treat the two-dimensional Achucarro-Ortiz black hole (also 
known as (1 + 1) dilatonic black hole) as a Casimir-type system. The 
stress tensor of a massless scalar field satisfying Dirichlet boundary 
conditions on two one-dimensional "walls" ("Dirichlet walls") is ex- 
plicitly calculated in three different vacua. Without employing known 
regularization techniques, the expression in each vacuum for the stress 
tensor is reached by using the Wald's axioms. Finally, within this 
asymptotically non-flat gravitational background, it is shown that the 
equilibrium of the configurations, obtained by setting Casimir force to 
zero, is controlled by the cosmological constant. 
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1 Introduction 



In the framework of quantum field theory in curved spacetime, there is no 
natural definition of particles. Unfortunately, only in exceptional cases the 
particle concept in curved spacetime corresponds to the intuitive picture of 
subatomic physics IJ. Therefore, we are led to study other observables which 
are not globally defined, a thing that is obviously one part of the problem 
with the particle definition. One of the most interesting objects, if not the 
very first, is the stress (or energy-momentum) tensor r^j^(x). Furthermore, 
the interest in explicitly calculating the stress tensor is augmented by the 
presence of a gravitational background. The main reason is that the role of 
the stress tensor is now twofold. It describes the physical character of the 
quantum field at a spacetime point x and it is also the source of gravity 
in this gravitational background. There is a plethora of field theoretical 
procedures [U El El IH Ej , known as regularization techniques, for computing 
a finite and renormalized < T^^, >reg such as the dimensional regularization 
jnmiEj, Green's function method [HI 1101 , heat kernel method [HI [121 , ^^^a 
function regularization [T^l, point-splitting method [T31[T3[in|, Pauli-Villars 
regularization In this article, we are going to derive the exact form 

of the stress tensor of a massless scalar field by implementing some general 
properties of the renormalized stress tensor known as Wald's axioms 1321 [201 
avoiding in this way to employ any of the above-mentioned techniques. 

In 1948, H.B.G. Casimir 21j was trying, in the beginning, to calculate 
the Van der Waals force between two polarized atoms. At the end, he was 
led to the problem of two parallel conducting plates. He evaluated the at- 
tractive force between the two plates and the electromagnetic energy which 
was localized between the two conducting plates. The Casimir effect, i.e. 
the disturbance to the electromagnetic vacuum induced by the presence of 
two parallel conducting plates, is in contact with laboratory physics [221 [2n| • 
Nowadays, the Casimir-type systems [211 [2S1 are viewed as tractable field 
theoretical models in which the general curved spacetime formalism can be 
applied and sensible results can be reached [23 [2S1 [2Z] • 

The scenario to be considered in our semiclassical analysis is as follows. 
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(a) The gravitational background will be the two dimensional Achucarro- 
Ortiz black hole [2H1 120] which is asymptotically an AdS2 spacetime, (b) 
two one-dimensional "walls", separated by a distance L, are placed in the 
aforementioned gravitational background and (c) the quantum field whose 
stress tensor we are going to evaluate, will be a massless scalar one satisfy- 
ing Dirichlet boundary conditions on the one-dimensional "walls" ( "Dirichlet 
walls"). It is obvious that the Achucarro-Ortiz black hole will be treated as 
a Casimir-type system [301 EH E21 133] • 

The paper is organized as follows. The next section is devoted to the pre- 
sentation of Wald's axioms. In Section 3 and 4 we describe the Achucarro- 
Ortiz and AdS2 black hole geometries and we calculate some of their geo- 
metrical quantities which would be useful for the forthcoming analysis. In 
Section 5 the vacuum expectation value of the stress tensor of the massless 
scalar field in the Achucarro-Ortiz black hole geometry is explicitly evaluated, 
respectively, in the Boulware vacuum (labeled by r]) [31] , the Hartle-Hawking 
vacuum (labeled by v) [331301131] and the Unruh vacuum (labeled by ^) [3H]- 
The energy density, pressure, energy and the corresponding force between the 
two "Dirichlet walls" are specified. In Section 6, requiring the configurations 
to be in equilibrium, the distance between the "Dirichlet walls" is seemed 
to be determined by the two-dimensional cosmological constant. Finally, 
Section 7 closes with conclusions and prospects for future work. 

2 Wald's Axiomatic Analysis 

In mid-1970s there was a variety of techniques using complicated mathemat- 
ical devices for computing the stress tensors. There was still the question of 
how to define a unique renormalized stress tensor < T^^, > purely by impos- 
ing physical requirements. R. Wald proffered five "axioms" to be satisfied by 
the stress tensors [20] ■ The axioms, called from now on Wald's axioms, 
are as follows 

1. The expectation values of the energy- momentum tensor are covariantly 
conserved. 
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2. Causality holds. 

3. In Minkowski spacetime, standard results should be obtained. 

4. Standard results for the off-diagonal elements should also be obtained. 

5. The energy-momentum tensor is a local functional of the metric, i.e. it 
depends only on the metric and its derivatives which appear through 
the Riemann curvature tensor. 

It should be remarked that recently there was a significant generalization of 
the above-mentioned framework by R. Wald and S. Hollands |39j . 
Additionally, it must be noted that in a clasical theory with a conformally 
invariant Lagrangian the trace vanishes. However, in the corresponding quan- 
tized theory the stress tensor may acquire a nonvanishing trace through 
renormalization (this is called conformal or trace anomaly) [HI El- In two 
dimensions, the trace can only be proportional to the Ricci scalar R of 
the theory [lU] • This is in agreement with Wald's axioms. 

3 Achucarro- Ortiz Black Hole 

The black hole solutions of M. Bafiados, C. Teitelboim and J. Zanelli in 
(2 + 1) spacetime dimensions are derived from a three dimensional theory of 
gravity [H] 

S = J dx^y/^{^^^R + 2A) (1) 

with a negative cosmological constant (A = > 0). The corresponding line 
element is 

ds' = -(-M + Ar' + ^] dt' + -, — + [dQ - ^di] . 

(2) 

There are many ways to reduce the three dimensional BTZ black hole so- 
lutions to the two dimensional charged and uncharged dilatonic black holes 
|28j . The Kaluza-Klein reduction of the metric of the (2 + l)-dimensional 
BTZ black hole (j2I) yields a two-dimensional line element 

ds' = -g{r)dt' + g{rY^dr' (3) 
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where 



g{r) 



-M + Ar^ + 



4r2 



(4) 



with M the ADM mass, J the charge of the two-dimensional charged black 
hole, a U(l) gauge field 



and a dilaton field: 



$ = r. 



(6) 



For the positive mass black hole spectrum with charge (J ^ 0), the line 
element (jH]) has two horizons 



M ± VM2 - A J2 
2A 



(7) 



with r_|_, r_ the outer and inner horizon respectively. 

The Hawking temperature Th of the event (outer) horizon is 

V2A VM2 - A J2 



27r (M + VM2- AJ2)i/2 



A /r'i — r'^ 



27r y r+ y 

The analytical formulas for the nonvanishing Christoffel symbols are 



J- 



1 

2' 



-M + Ar^ + 
( 2Ar 



4r2 

-V 

2r3 i 



2Ar 



2r3 



-M + Ar2 + 



^ t2 N 



4^2 



(9) 



(10) 



J 

-M + Ar2 + — 
4r2 , 



'11^ 



The Ricci scalar is given as 



R{r) 



2A + 



3J^ 
2r4 



(12) 
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and therefore the nonzero trace o the stress tensor corresponding to the 
Achucarro-Ortiz black hole takes the form 



A J 



2 



+ 



127r 167rr4 



(13) 



where we have used the expression for the trace of a stress tensor in two 
dimensions jHl EDI 

T"(r) = ^ . (14) 
«V ; 247r ^ ' 

4 AdS2 Space 

The two-dimensional anti-de-Sitter geometry (AdS2) can be derived either 
by restricting the Achucarro-Ortiz black hole to its spinless sector J = or 
by fixing the value of the dilaton field which appears in the above-mentioned 
reduced theory j2HI- We adopt the first option and the resulting AdS2 metric 
takes the form 

ds^ = -g^,s{r)dt^ + g^,s{r)-^dr^ (15) 

where 

^?Ads(r) = (-M + Ar^) (16) 



which has an horizon at 
The temperature of the AdS2 black hole is 



T^- = ^ (18) 

The analytical formulas for the nonvanishing Christoffel symbols are 

= Ar(-M + Ar2) (19) 
Ar 
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The Ricci scalar is given as 



R{r) = -2A 



(22) 



and therefore the nonzero trace of the Achucarro- Ortiz black hole takes the 
form 

T:(r) = --^ . (23) 

Using the formula 

(24) 



T-rAdS _ 1 SUgrav 



the explicit expression for the stress tensor of the gravitational field of the 
AdS2 space is easily calculated 



r 2 



T-rAdS 



2 








2(-M + Ar2)^ 



(25) 



5 Casimir Effect and Stress Tensor 



In this section a detailed expression for the renormalized stress tensor of 
the massless scalar is obtained by enforcing the Wald's axioms and using its 
trace. 

The starting point is Wald's first axiom, i.e. that the conservation equation 
must be fulfilled by the renormalized expectation value of the stress tensor 



< , >reg= 



which "splits" in two equations 



t I pr rpr -pr rpt 

dr ^ '•'^ * 
dTI 



_|_ T^t rpr "pt rpt 

and since = -T[ and T/ = - T;, we get 








dr 
dT; 

dr 



+ 



pr I pr 



Tl = 



-pt rpOL 



(26) 

(27) 
(28) 

(29) 
(30) 



Substituting the Christoffel symbols (P-ITT|) into (f^ . (jHUj) and solving them, 
we get respectively 



-6 



where 



and 



where 



Tl{r) = 

9{r) 

1 



9ir] 



^ ' 2 J dr' ' 



(31) 
(32) 
(33) 

(34) 



and the parameters a, j3 are constants of integration while the point r_|_ 
is where the outer horizon is placed. It can be shown that H2{r) for the 
Achucarro-Ortiz black hole background ©-© becomes 



where D is constant 



H2{r) 



D 



1 



967r 
1 



967r 



2Ar 



2Ar. 



2r3 



2r\ 



D 



(35) 



(36) 



Now the following limiting values of H2{r) are obtained from ()35|1 
if r then H2{r) = 



if r +00 then H2{r) 



24%' 



-r' -D . 



Therefore, using ()31|) and ()33p. we have the most general expression of the 
regularized stress tensor in our gravitational background 



T^{r) - g-\r)H2{r) 

g-\r)H2{r) 



+ g-\r) 



(37) 



or, substituting (jH^ and (jSSI), a more explicit expression is 

2 



J" 



Utt ' 16r4 967rg(r) 



g-\r)D 









2Ar-^ 



3 . 
ag^ {r)e~^^ ^^'^ 



967rg(r) 

-a(/i(r)e~3f^{'") 

/5 



where the Achucarro-Ortiz black hole background ((21)-© and relations (fTSj) . 
()H2|1 . and ()Hfj|l have been used. In this expression the only unknowns are 
the parameters a and /5; we hope to determine them imposing the third and 
fourth Wald's axioms treating the Achucarro-Ortiz black hole as a Casimir 
system [IJ. Two one-dimensional "walls" at a proper distance (between 
them) L are placed at points r\ and r^- The massless scalar field whose 
energy-momentum tensor we try to evaluate satisfies the Dirichlet boundary 
conditions on the "walls", i.e. 0(ri) = 0(r2) = 0. 

We are now going to find the explicit form of the regularized stress tensor in 
the different vacua. 



(i) Boulware Vacuum 

In this vacuum there are no particles detected at infinity (JT"^) and the reg- 
ularized stress tensor (j38|) should coincide at infinity with the sum of the 
standard Casimir stress tensor [H |2] in the Minkowski spacetime 



TT 



24L2 



-1 








1 



(39) 



and of the stress tensor of the gravitational field of the AdS2 space 

r.2 



r 



2 (-M + Ar2) 








r 



2('-M + Ar2) 



2(-M + Ar2) 

-1 
1 



(40) 



since the Achucarro-Ortiz black hole is asymptotically an AdS2 space. 
The constants of integration a and f5 are evaluated demanding the regularized 
stress tensor given in (jH^ to coincide at infinity, i.e. r +oo, with the sum 
of the above-mentioned stress tensors and (|injl . 
Therefore we get 



a 







A TT \ , , fl A2 \ 2 



(41) 
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and the regularized stress tensor has been exphcitly calculated. It can also 
be written as a direct sum 



^{gravitational) ^ v{boundary) ^ v{AN FG) ) 

where 77 denotes that the regularized stress tensor has been calculated un- 
der the assumption that there arc no particles (vacuum state) at infinity 
(Boulware vacuum). The first term denotes the contribution to the vac- 
uum polarization due to the non-trivial topology in which the contribution 
of the trace anomaly is included, the second term denotes the contribution 
due to the presence of the two "Dirichlet walls" and the third term denotes 
the contribution due to the asymptotically non-flat geometry (ANFG) of the 
Achucarro-Ortiz black hole. 

The detected energy density, pressure and energy at infinity (r +00 
are given by 

p^_Tin> ^ 1 \ ^ (44) 

^ ^ 24L2 2A 127r ^ ' 

The corresponding Casimir force between the "walls" is not always attractive 
as expected 



It is clear that the Casimir force is 
(a) attractive 



L < 



Vl^''' (47) 



(b) zero 



(c) repulsive 



i^=Vl^A^/^ (48) 



L>^^AV2. (49) 
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(ii) Hartle-Hawking Vacuum 

In this vacuum the Achucarro-Ortiz black hole ©-© is in thermal equi- 
librium with an infinite reservoir of black body radiation at temperature T 
which is equal to its Hawking temperature. The regularized stress tensor 
should coincide with the following stress tensor 



rpfi 
V 



24L2 



-1 
1 



+ 



2(-M + Ar2) 



-1 
1 



+ 



6 



-1 





1 



(50) 



where the last term is the stress tensor for a two-dimensional black hole in 
thermal equilibrium at temperature T [TH] . 

The constants of integration a and (] are evaluated demanding the regularized 
stress tensor given in ()38|) to coincide at infinity, i.e. r — > -|-oo, with the sum 
of the above-mentioned stress tensors and 
Therefore we get 



a 







A 

12^ 
A 

12^ 



+ 



TT 



24L2 

TT 



AdSN2 



6 



H 



247r 



(51) 

r^ + D (52) 



H M (7Ads(r) + 

24L2 2477 / ^ \ 2 2477 



D 



(53) 



and the regularized energy-momentum tensor has been explicitly calculated. 
It can also be written direct sum 



v V {gravitational) 



u{boundary) ^ u(ANFG) ^ u(bath) 



(54) 



where v denotes that the regularized stress tensor has been calculated under 
the assumption that massless particles (black body radiation) are detected 
at infinity (towards J^) (Hartle-Hawking vacuum) and the fourth term in 
equation denotes the contribution to the vacuum polarization due to the 
thermal bath at temperature Th- 
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In this vacuum the asymptotically (r — > +00) detected energy density, 
pressure and energy at infinity are given by 

~ 24L2 2A 247r^^ 
^ ^ 24L2 2A 247r 127r ^ ' 

j-r2=Ti+L TT 1 A 

= -24l-2A^-2te*"- 

The corresponding Casimir force between the "walls" is not always attractive 
as expected : 

, , dEiL) vr 1 A 

It is clear that the Casimir force is : 
(a) attractive 



(b) zero 



(c) repulsive 



Thus, if the last condition is satisfied the outer "Dirichlet wall" moves towards 
infinity. It can be studied as a "moving mirror" creating particles whose 
energy rate detected at infinity is given by the third term in equation ()57|) : 

^ = AmL = — (Trf . (62) 
dt 2A'K 6 ^ ^ ^ ^ ' 

This is the rate at which energy is radiated for the case of the massless two- 
dimensional field 
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(iii) Unruh Vacuum 

In this vacuum an outward flux of radiation is detected at infinity. Thus, since 
the Achucarro-Ortiz black hole ©-(III) radiates and its spectrum distribution 
is thermal at the Hawking temperature Th [111 El ■, the Unruh vacuum state 
is identified with the vacuum obtained after the Achucarro-Ortiz black hole 
has settled down to an "equilibrium" of temperature Th- The regularized 
stress tensor should now coincide at infinity with the following stress 
tensor 



rpfj, 

u 



TT 



24L2 



-1 





1 



2(-M + Ar2) 



-1 





1 



+ 



AdS^2 



12 



-1 -1 
1 1 



(63) 

where the last term is the stress tensor for a radiating two-dimensional black 
hole which has settled down to an "equilibrium" of temperature Th |18j . 
The constants of integration a and (3 are evaluated demanding the regularized 
stress tensor given in (jH^ to coincide at infinity, i.e. r — +oo, with the sum 
of the above-mentioned stress tensors (jH^ and PU)) . 
Therefore we get 



a 



12 
A 



A 

48^ 



AdS 



2 ( ^"jgi^AdS^^) 



(64) 



TT 



127r 
/ A 



+ 



24L2 

TT 



AdS N 2 



gAds{.r) + 



Vl27r 24L2 



+ 



12 




+ D 



+ D 



(65) 



and the regularized stress tensor has been explicitly calculated. It can also 
be written direct sum 

7^(5)m = t^i^ -I- -\- T^ -\- T^ (66) 

V V (gravitational) ' v(boundary) ' v{ANFG) ' v{radiation) I 

where ^ denotes that the regularized stress tensor has been calculated under 
the assumption that massless particles are detected at infinity due to the 
Hawking radiation of the Achucarro-Ortiz black hole (Unruuh vacuum) and 
the fourth term in equation (jM)) denotes the contribution to the vacuum 
polarization due to Hawking radiation at temperature Th- 
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In this vacuum the asymptotically (r — > +00) detected energy density, 
pressure and energy at infinity are given by 

^ * 24L2 2A 487r ^ ' 

^ 24L2 2A 487r 127r ^ ' 

The corresponding Casimir force between the "walls" is not always attractive 
as expected : 

dE(L) IT 1 A _ 

It is clear that the Casimir force is : 
(a) attractive 



/ 2A 



(b) zero 



(c) repulsive 



/ 2A 

^-^V24^TA^ ^''^ 



L > vrW • (73) 

V 247r + A^M ^ ' 

As in the case of the Hartle-Hawking vacuum, if the last condition is satisfied 
the outer "wall" moves towards infinity. It can be studied as a "moving 
mirror" creating particles whose energy rate detected at infinity is given by 
the second term in equation (jHIIjl : 

^ = AmL = ^ {Tft^f . (74) 

This is the rate at which energy is radiated for the case of the massless 
two-dimensional field |S1 ^| ■ 
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6 Equilibrium and Cosmological Constant 



It is obvious that in the case that the net force which the "Dirichlet walls" 
experience turns out to be repulsive the system will be uninteresting since 
it will be decompactified as L ^ oo. On the other hand, if the net forced 
exerted on the "Dirichlet walls" turns out to be attractive then the system 
inevitably will evolve in such a way that at some finite time the distance L 
will be of order of the Planck length where our semiclassical analysis adopted 
here will no longer be valid. Therefore the case of a zero net force on the 
"Dirichlet walls" sounds the most interesting for our scenario. 
The net force exerted on the "Dirichlet walls" can be evaluated using the 
Casimir force in any of the three vacua. It should be noted that for the cases 
of the Hartle-Hawking and Unruuh vacua the last term in equations (j3Hj) 
and (f7n|) . respectively, should be removed. The reason is that in both vacua 
the forces acting on both sides of each "Dirichlet wall" due to thermal bath 
or radiation , respectively, are the same and thus their total contribution 
to the net force is zero. Therefore the net force which the "Dirichlet walls" 
experience is given as 

Fnet = + ^ (75) 

and setting it equal to zero the distance L between the "Dirichlet walls" 
receives the value 

L = A^/^ . (76) 

It is clear that the distance L between the "Dirichlet walls" is controlled by 
the value of the cosmological constant. 

7 Conclusions 

In this paper we have explicitly calculated in the Achucarro- Ortiz black hole 
background the regularized stress tensor of a massless scalar field satisfying 
Dirichlet boundary conditions on one-dimensional "walls" ( "Dirichlet walls"). 
The regularized stress tensor is separately treated in the Boulware, Hartle- 
Hawking and Unruh vacua. In all these vacua, expressions for the asymptot- 
ically detected energy, energy density and pressure acting on the "Dirichlet 
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walls" are obtained. The values of the above mentioned quantities are all 
negative exhibiting a violation of all energy conditions 48 . This "problem" 
is somehow expected to take place in our scenario since violations of some 
or all of the energy conditions appear as soon as scalar fields couple to grav- 
ity Hn] • In the Hartle-Hawking and Unruuh vacua, the corresponding 
Casimir force is evaluated and proved, as expected, to be not always at- 
tractive: it can be attractive, repulsive or zero according to the distance L 
between the "Dirichlet walls" . In contradistinction to what is known till now 
jHUl EH in21 inn] , in the Soulware vacuum, the Casimir force is also not al- 
ways attractive. Additionally, we have evaluated the net force exerted on the 
"Dirichlet walls" . It has been easily demonstrated by imposing the condition 
of equilibrium on the "Dirichlet walls" , i.e. zero net force, that the distance 
between the one-dimensional "walls" is tuned by the cosmological constant^. 

It would be very interesting for our scenario to be utilized in higher di- 
mensions and specifically in braneworlds. Of course, it is well-known that 
the trace anomaly -which plays a key role in the technique presented here- 
is zero for odd-dimensional spacetimes. Therefore, only even- dimensional 
spacetimes should be considered. It should also be pointed out that our sce- 
nario is not directly applicable to higher even- dimensional spacetimes, since 
more conditions are required in order to completely fix the form of the renor- 
malized stress tensor corresponding to the quantized scalar field. Indeed, 
there are a number of recent works which they deal with the Casimir effect 
in different models of braneworlds [HIl UHl IMl IHl HE] ■ These scenarios 
are more complicated than the one analyzed here, just to mention that the 
branes are located in the bulk space IHZIEHI, not at points of the spacetime in 
which we live, or the existence of the radion field which has to be stabilized 

m 

^The stability of the configurations can be checked by using equation (|45|1 in the Boul- 
ware vacuum. It is easily derived that the configurations are unstable against small dis- 
placements. Same result can be derived by using equations H57II and H69() in the Hartle- 
Hawking and Unruuh vacua, respectively, but the last term in these equations has to be 
dropped for the reason given in Section 6. 
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